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Three-Dimensional Ascent Trajectory Optimization
for Stratospheric Airship Platforms
in the Jet Stream
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Full three-dimensional optimal-ascent trajectory design is addressed for a stratospheric airship platform,
considering real jet stream and flight constraints. The target airship’s equations of motion are first constructed by
including wind effects and its inherent features such as added mass and buoyancy effects. For realistic trajectory
optimization, additional necessary modeling of the jet stream, aerodynamic force, and thrust are established based
on a flight test, wind-tunnel test, and meteorological observation data. In addition, detailed path constraints such as
the target airship’s performance and local airspace are also accounted for. The sequential quadratic programming
approach is employed as a numerical solver for both minimum flight time and minimum-energy performance
indices. The solutions obtained satisfy all of the constraints and are largely affected by the jet stream of high wind
speed. From the optimization results, the minimum flight time trajectory is recommended due to the low flight
performance of the airship in contrast to its huge size and heavy weight.

Nomenclature

aerodynamic force vector

buoyancy vector

buoyancy-to-weight ratio

equality and inequality constraint vectors
during optimization

aerodynamic lift and drag coefficients
error of terminal position and angle
constraints

= external force vector

nonlinear function

= gravity vector

altitude

performance index

time index during optimization

added mass tensor

added mass

total mass of the airship

unknown design parameter vector
dynamic pressure of freestream

= thrust vector

thrust

throttle

time

relative flight speed

relative and inertial flight speed vector
envelope volume of the airship

total weight of the airship

jet stream speed vector in the inertial frame
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Wg, Wy = east and north components of the jet stream
speed

Wyys Wy, Wy, = wind variation components in the wind-axes
coordinate system

x,u = state and control vectors

Xps Vs Zh = local-level coordinate system

Xis Vis Zi = Earth-fixed inertial coordinate system

Xus Yws Zu = relative wind-axes coordinate system

o = angle of attack

y = relative flight path angle

(¢} = discretized unknown parameter vector during
optimization

& = weighting of time and energy in the
performance index

Pas Pn = density of surrounding air and helium

10} = bank angle

V,, ¥, T = equality, inequality, and path constraint
vectors in the continuous system

v = relative heading angle

Y = heading angle of the jet stream

®, = angular rate of the wind-axes frame with

regard to the Earth-fixed frame

I. Introduction

HE stratospheric airship platform (SAP) is being considered as

a new platform that will provide satellitelike missions such as
telecommunication, broadcasting relays, environmental observa-
tions, and surveillance at the stratospheric altitude. The staion-
keeping flight is an airship’s unique feature, in contrast to a fixed-
wing aircraft. Compared with geostationary and low-Earth-orbit
satellites, it can ensure long endurance at the geostationary position
near the surface of the Earth with minimal operation cost. This
capability can lead to a more efficient flight for high-resolution
images and surveying information. On the other hand, the airship has
lower flight performance in flight speed, rate of climb, and stiffness
of the structure; consequently, the lighter-than-air (LTA) vehicles are
critically affected by the environment conditions such as the fast
wind present at high altitude. Also, the SAP should not violate the
airspace of the neighboring countries while climbing to the
stratospheric altitude. Therefore, constructing an optimal trajectory
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Fig. 1 Midaltitude unmanned airship (VIA-50).

for the SAP and satisfying various constraints is gaining more
emphasis than ever.

Several countries are currently developing SAPs, and Korea also
launched the SAP program in 2002. The concept evaluation
demonstrator of a 50-m unmanned airship was developed in the first
phase, with the flight test completed successfully in 2005. The
second phase is ongoing, and conceptual design and feasibility
studies are currently being conducted. Colozza [1] and Eguchi and
Yokomaku [2] surveyed the present level of necessary technologies
for developing SAPs, and characterized some design parameters
such as the efficiency and specific power of the regenerative fuel cell
(RFC) and solar array.

Over the past few decades, a considerable number of studies were
conducted on trajectory optimization of fixed-wing aircraft and
reentry launch vehicles. However, only a few attempts were made
thus far in the field of airship trajectory optimization problems.
Bestaoui and Hamel [3] and Hima and Bestaoui [4] conducted
several studies focusing on a very small blimp (length of 6 m and
maximum flight altitude of 200 m). Although they obtained reference
trajectories, there seem to be limitations:

1) The trajectory is assumed to be a helix with constant curvature
and torsion.

2) The blimp dynamics are not fully reflected, because only
trimmed flight conditions are considered, and the differential
equations are simplified as nonlinear algebraic equations with no
aerodynamic forces and no control surface moments.

3) The differential equation is simplified on the assumption that
the body and wind axes coincide with each other.

Zhao et al. [5] was first concerned with the trajectory optimization
of a high-altitude airship (HAA). A point-mass model of an airship
was used, which includes the effect of wind profiles. The numerical
solutions were consistent with the approximated analytical solutions
under simplified assumptions. Though the results are significant in
the area of an airship’s optimal trajectory generation, they also suffer
from some limitations:

1) The simple flight conditions assumes neutral buoyancy (the
airship’s weight equals the buoyancy), so that the net lift force
becomes zero.

2) Angle of attack, sideslip angle, and roll angle are considered
zero with constant thrust. The two restrictions cannot describe the
whole flight envelope of the SAP.

3) The simple flight scenario starts from an initial altitude of 18 km
and reaches an operating altitude of 21.5 km. Itis well known that the
wind (or jet stream) velocity is most severe around the altitude of 10—
15 km, and so the full history of the flight trajectory from the ground
cannot be easily demonstrated.

To overcome such limitations, full point-mass equations of motion
for the airship are treated in this paper by considering wind effects,
added mass, and buoyancy effects. Furthermore, an accurate
modeling of the dynamics is developed based on wind-tunnel test
results, flight test, computational fluid dynamics analysis, and
meteorological observation data. The real constraints of flight
conditions and airship performance are included so that the optimal
trajectories reflect the realistic conditions to the best extent possible.

The main objective of this study is to design optimal and efficient
SAP trajectories for reaching the stratospheric altitude from the
ground under various hard constraints. A target SAP model is a 200-
m-long stratospheric unmanned airship (VIA-200), and its necessary
geometric and performance data for the trajectory optimization
problem are based on the output of conceptual design. The resulting
two-point boundary-value problem can only be solved numerically
[6]. To obtain a numerical solution, a direct shooting method is used.
In other words, the trajectory optimization problem is converted into
a parameter optimization problem, such as in [7]. It is solved by
modifying the CFSQP code [8] for the sequential quadratic
programming (SQP) algorithm.

This paper is organized as follows. The dynamic equations of a
SAP motion and the conceptual design information of the target SAP
are introduced first in Sec. II. Necessary mathematical modeling of
the external forces, added mass, and jet stream are defined in Sec. III.
Section IV discusses constraints to be satisfied during the
optimization process, which are mainly related to the performance of
the target airship. By using such modeling and constraints, the three-
dimensional optimal trajectories for minimum flight time and
minimum energy are presented in Sec. V.

II. Flight Dynamics of a Stratospheric Airship
A. Stratospheric Airship

Korea is one of the challengers in the field of stratospheric airship
and has launched the SAP program. The conceptual evaluation phase
was completed successfully in 2005 after the flight test of a 50-m
unmanned midaltitude airship (VIA-50), shown in Fig. 1. Several
core technologies should be applied and implemented for developing
the SAP, that is, hybrid propulsion system, high stiffness, and
lightweight materials. One of the most promising systems for the
hybrid power source is to combine the RFC with solar arrays. In the
daytime, power can be obtained from the solar energy, and the
redundant energy is stored up. Conversely, the fuel cell system is
used to produce main power by a combination of hydrogen and
oxygen during the nighttime, and the accumulated energy would be
used for breaking apart water into its constituent elements, hydrogen
and oxygen, through the electrolyzer.

Fig. 2 Stratospheric airship platform (VIA-200).
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First, a feasible sizing study for the target SAP model (VIA-200),
shown in Fig. 2, was conducted through an iterative sizing program
developed by [9]. For this work, the necessary input parameters were
selected, referring to the feasibility studies in [1,2]. Itis assumed that
the maximum flight speed of the target SAP is designed as 20 m/s at
the mission altitude of 20 km, to overcome 12 m/s of jet stream and
to stay at its desired location. The buoyancy-to-weight ratio is 0.97
and its pressure altitude is 24 km. As a result of the conceptual sizing,
the target SAP’s length is 200 m, its volume is 265, 746 m? with a
weight of 21,726 kg, and the maximum available power for thrust is
100 kW. VIA-200’s design parameters and outputs are summarized
in Tables 1 and 2, respectively. The final design output data are used
for constructing the optimal trajectories.

B. Flight Dynamics of an Airship

The general dynamic equations of a SAP are derived for flight over
the flat and nonrotating Earth, considering buoyancy, added mass,
and relevant conceptual design data of the VIA-200. To include the
effect of the jet stream as a moving wind field, the dynamic equations

COs Y cos Y
C})) = | sin¢gsinycosy — cos @sinyr
cos ¢ sin y cos ¥ + sin ¢ sin

Table 1 Input parameters for conceptual design of the VIA-200

Design parameters Value
Maximum flight speed, m/s 20
Mission (staion-keeping) altitude, km 24
Pressure altitude, km 24
Drag coefficient, C), 0.04
Fitness ratio 4.0
Buoyancy-to-weight ratio 0.97
Night hours, h 13.4
Estimated weight of structure, kg 1500
Estimated weight of propulsive system, kg 1500
Estimated weight of onboard system, kg 500
Specific weight of envelope materials, kg/m? 0.2
Specific weight of solar array, kg/m? 0.6
Specific energy of RFC, W - h/kg 450
Specific energy of solar array, g/W 3.69
Required power of payload, kW 10
Required power of onboard system, kW 30
Efficiency of RFC 0.53
Efficiency of electric motor 0.9
Efficiency of electric propeller 0.7
Efficiency of dc-to-dc converter 0.8

Table 2 Conceptual design results of the VIA-200

Output design parameters Value

Length, m 200
Envelope volume, m? 265,746
Hull Area, m? 25,564
Area of solar array, m? 4417
Buoyancy, kg 21,074
Maximum take-off weight, kg 21,726
Weight of envelope, kg 6385
Weight of RFC, kg 8429
Weight of solar array, kg 2650
Available power of thrust, kW 100
Available power of RFC, kWh/kg 3793
Available power of solar array, kW 507
Available power of supplement system, kW 150

of motion can be derived in the relative wind-axes [10], inertial wind-
axes [11], or body-axes [12] coordinate systems. The relative wind-
axes system is more convenient than other coordinate systems, as
discussed by Miele et al. [10], because it expresses the wind-effect
terms explicitly, bringing easier understanding. In this paper, the
relative wind-axes frame is adopted as the reference coordinate
system, and two-dimensional vertical plane motion [10,11] is
extended to the three-dimensional plane based on [10,13].

The coordinate system is presented in Fig. 3. Ox;y;z; is an Earth-
fixed inertial frame (/ frame), with the origin on the surface of the
Earth. Px,y,z, is the local-level frame (4 frame), with the origin at
the mass center of the airship. These two frames are aligned with each
other, and the x; axis points north, the y; axis points east, and the z;
axis points down. The last coordinate system is the relative wind-
axes frame (w frame) of Px,,y,, z,,, for which the x,, axis is commonly
aligned with the relative flight speed of the airship. The local-level
and wind-axes frames can be transformed to each other by the
following transformation matrix in Eq. (1), in terms of three angular
parameters [13]:

cos y sin Y —siny

sin¢gsin ysiny 4+ cos¢cos Y  singsiny (1)
cos ¢sinysiny — singpcosy  cos¢pcosy

The inertial velocity of the airship is the vector sum of the relative
wind and the relative flight speed, as shown in Fig. 3. Leti,, j,, and
k, be the unit vectors along the local-level frame of Px,y,z,, and let
i,, Ju, and k, be the unit vectors along the wind-axes frame of
Px,y,z,- The relative flight speed vector can then be expressed as

V=V, =W, = —wyi, + G — wp)j, — hk, 2)

The relative flight speed can be represented in the local-level frame
using Eq. (1):

V| = (C}:’)T - Vi, =Vcosycosyi, + Vcosysinyj,
— Vsinyk, 3)
Finally, the three-dimensional kinematic equations are summar-
ized as Eq. (4) by comparing Eqgs. (2) and (3):

dx;
dt
dy; dh
%z)}ichosysinl//—k Wg, U

=x;,=Vcosycosy + wy
. @)
=h=Vsiny

By Newton’s second law, the force equilibrium equation in the
inertial frame is expressed as

dv
F =m7a=mr—l

& with  my =m + mg, +m,, +m,,
I

(&)

where my includes the empty mass m and the added masses, m,,,,
m,y, and m,.. When a body moves through fluid, it must push some
mass of fluid out of the way. If the body is accelerated, the
surrounding fluid must also be accelerated. Under this circumstance,
the body behaves as if it were heavier, such that mass is added [14].
This is the most unique characteristic of an airship, which is generally
inflated with a large amount of helium.

Because the relative wind-axes frame is taken as a reference frame,
the absolute acceleration should be described in the wind-axes frame
after taking time derivative of the absolute velocity of Eq. (2):
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V;, (inertial speed)
V (relative speed)

Vi X

Zy

W, (jet stream speed)

Yh
(east)

(down)

(surface of Earth) Oxwz; : Earth—fixed inertial frame

PxuywZy © Wind—axes frame
Pxnynzn + local-level frame

Yi
Zj
Fig. 3 Definition of the coordinate system.
av, =(:1_V d(‘i’V, zc(li_V +waV|w+CZ’dZV’ ©) Wy = Wy COS Y COS Y + Wy COS Y sin Y
dr | tl rlp Ul rlr W, = Wy(sin ¢ siny cos ¥ — cos ¢ sin ¥) + wg(sin ¢ sin y sin yr
+ cos ¢ cos )
where w,, satisfies . . ) . . . . .
W,,. = Wy(cos ¢sinycos Y + singsin y) 4+ wy(cos ¢ sin y sin Y
Iy | 0 _siny é — sin¢ cos V)
®,=1|¢g, |=|0 cos¢ singcosy Y and
T 0 —sing cos¢cosy v
. . @) III. Modeling of the Airship Supplement System
dw, _ gwx — v dw, —cv wwN A. Aerodynamic Forces Modeling
dr |, u.)w'" hode |, OE The aerodynamic forces are obtained from the aerodynamic
wz

database compiled from a wind-tunnel test using a 1 /25-scale mock-
up of the VIA-50 model. The aerodynamic database was updated
through flight tests and additional computational fluid dynamics

The external forces consist of the buoyancy force, thrust, ! ) -
(CFD) analysis. The aerodynamic database of the VIA-50, shown in

aerodynamic force, and gravity force. The gravity force is always in - :
the direction of the unit vector k;, and opposite to the buoyancy force Fig. 4, can be extended to the VIA-200 [13]. The lift and moment
direction. All of the external forces should be expressed in the wind- coefficients are not affected by the difference in Reynolds number if
axes coordinate system. Thus, the geometries of the airships are identical. However, the drag
coefficient critically depends on the varying Reynolds number. The

Reynolds number of the VIA-200 (Re = 8.0 x 10°) is only half of

G + B =C}(mg — B)k,, that of the VIA-50 (Re = 17.2 x 10°) at the mission altitude. This

®) region is part of the fully turbulent areas, because the range of
Reynolds number between 10° and 10° corresponds to a critical
transient region from laminar to turbulent flow. In a fully turbulent
region, the drag coefficient shows a slight decrease as the Reynolds
number increases. However, its variation is small enough to be

T+ A =|[Tcos(u + o) — D]i, — [T sin(n + ) + Lk,

where 1 represents the tilting angle of the propellers installed on both
mdgs ofbt'he. VI/E'ZOO' 6 4 ith Ba. (8) lead he final ignored [16]. Furthermore, CFD analysis for the VIA-50 and VIA-

om 1n1.ng ;]SE © San. (-}Z Wlt, 4 q. (-% cads th the nal 200 do not show much difference. Therefore, aerodynamic
representation ol Eq. (—). n the wind-axes frame, after severa coefficients of the VIA-50 can be suitably applied to the VIA-200.
algebraic manipulations. Finally, solving the simultaneous algebraic Using the wind-tunnel test data and CED analysis, the aerodynamic
coefficients of lift and drag can be approximated as functions of the
angle of attack by fourth-order polynomials, with their curves shown

equations for the derivatives V, y, and 1[/, the force equilibrium
equations can be represented as

in Fig. 4:
V= (T'cosa — D) — (mg — B)siny g C.(a) = 0.5903a* + 1.2231a* — 0.3248a + 0.9211a + 0.0118
"r ' Cp(a) = 0.3400* + 0.06620 + 1.2248a* + 0.0334a + 0.040
. (Tsina+ L)cos¢p — (mg — B)cosy
Y= - (10)
. . T ) The lift and drag force can be calculated by
Wy, COS P + Wy, SN
Vv L=gq-Vol*?.C,, D=gq-Vol??.C, (11)
‘/-/: (Tsina+ L)sing W, sin¢ — 1w, cosd
myV cos y Vcosy

B. Thrust Modeling

The maximum flight speed for the VIA-200 is designed at 20 m/s
where at the mission altitude of 20 km, and corresponding maximum
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| . [ O Wind Tunnel (50m)
! 1 |+ CFD(SAP)

O Wind Tunnel (50m)
« CFD(SAP)

)

lift coefficient (C,

i 50 -40 -30 -20 -10 0 10 20 30 40 50
angle-of-attack, o (deg)

0.8

07 == -mmmmdmmmmfmmmm

0.6f----

05f----

04f----

0.3f----

drag coefficient (CD)

02f----

iR S nE BT P,

0
-50

angle-of-attack, o (deg)

Fig. 4 Aerodynamic coefficients for the VIA-200.

available power of the propulsion system is 100 kW, as shown in
Table 2. To reach this flight speed, the required thrust and power are
given by [1]

T-V
np'nm

Treq =q- Vol?/3 . CD’ Preq — (12)

where 1, and n,, represent the efficiency of the propellers and electric
motor equipped in the VIA-200. The values 0.7 and 0.9 are used for
the efficiencies, respectively. With regard to the regenerative fuel cell
system, the lower air density at high altitude does not lead to a
reduction in power. Assuming that the equipped regenerative fuel
cell system and the solar array with enough capacity supply the
required power continuously, the maximum flight speed,
corresponding thrust, and angle of attack can be calculated from
the trimmed conditions. The numerical approach is used to calculate
these values under the given flight conditions for an altitude from O to
26 km and flight path angle from —10 to 10 deg. Thus, the thrust
profile can be modeled as a function of 2 and y. Figure 5 summarizes
the thrust and its modeling result. A two-dimensional interpolation
routine is adopted to compute the corresponding thrust during the
optimization process. Finally, to expedite the convergence of the
optimization process, thrust is converted as a function of a Tr,
ranging from O to 1.0.

i
i
i
i
i
6 8 10

Y (deg)

C. Added Mass and Buoyancy Modeling

Added mass effect arises from the airship mass being in the same
order of magnitude as the mass of displaced air. To date, the relevant
research works [3,17,18] employed the standard methods based on
the original formulation by Lamb [19], which fits the hull shape with
an ellipsoid of revolution. This method ignored the effect of
horizontal and vertical tail fins and the gondola of airships. This
paper takes the added mass term determined from CFD analysis by
considering the geometry design of the SAP to include the effect of
both tail fins and gondola [20]. An added mass tensor is calculated
from the CFD analysis and its effects due to tail fins and gondola
show 20% increase for pitch and yaw axes, compared with the results
for the ellipsoid of revolution model [20]. The diagonal terms of the
added mass tensor are the main terms for the body axes of airships,
respectively, for m,,, m,,, and m,, of Eq. (3). Because it is assumed
that the air density varies in a unit with operating altitude, the values
should be multiplied by the corresponding density to obtain the
added mass in the optimization process:

M,
2.1391 x 10* 1.6502 x 1072 1.3365 x 107!
= | —2.0890 x 10712 2.4363 x 103 9.8516 x 10! | (m?)
—2.2134x 10712 —9.8516 x 10" 2.4363 x 10°
(13)
30
y=-1
y= -
y=
25 V=
y=1
20
€
215
10
5

0 e
1000 2000 8000 4000 5000 6000 7000 . 8000
T N

Fig. 5 Thrust modeling for the VIA-200.
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The buoyancy force is another typical discriminator between LTA
vehicles and conventional aircraft. It plays the role of lifting airships
upward and is equal to the weight of displaced air by its volume
immersed in the atmosphere. The net lift that can be available for
payload, system, and structure is determined by subtracting the
weight of the lift gas and envelope [14]:

Lnet =B-W= VOI(pa - Ph)g - Wenv with B = Vol- Pa* 8
(14)

where p, and p,, refer to the density of the surrounding atmosphere
and helium, respectively. For the helium that is generally used as the
lifting gas, the gross lift per unit volume (p, — p;,)g is 10.359 N/m>.
As the airship ascends, the helium and air density fall with decreasing
pressure, but the occupied volume of the helium increases at the same
ratio. Conversely, falling temperature tends to increase the density,
but reduce the volume, so that the two effects are canceled out again
[14]. This implies that the net lift given by Eq. (14) does not change
significantly with altitude if the helium inside the envelope is free to
expand. Introducing B/W, the buoyancy can be easily calculated.
When B/W is less than 1.0, it is classified as a lightness condition,
whereas when B/W is greater than 1.0, it corresponds to a heaviness
condition [17]. Neutral buoyancy is when B/W = 1.0.

D. Atmospheric and Jet Stream Modeling

There are two major environmental factors that influence the
optimal trajectory of SAP. The first one is atmospheric properties.
During the flight, the pressure and density variation at the flight
altitude is important, because it affects lift and drag forces. For
acquiring such properties, temperature should be calculated first
according to its profile over three regions: first, the gradient region
with the lapse rate of —0.0065 K/m up to 11 km; next, the isothermal
region from 11 to 20 km; and one more gradient region over 20 km
with increasing temperature by 1.0 K/m. According to the unique
temperature profile along the altitude, the standard atmosphere can
be modeled easily as a function of altitude [5].

Apparently, another main influencing factor is jet stream, because
its maximum mean velocity is around 40 to 60 m/s in the
troposphere of 10-20-km altitude. The jet stream is a narrow, fast,
upper atmospheric wind current flowing quasi horizontally at high
altitude. The average position of the jet stream changes seasonally,
and its winter position tends to be located at a lower altitude and
latitude than summertime.

In this paper, statistical meteorological measurement data from
1985 to 2000 are used to develop a jet stream model over the Korean
peninsula. The data comprise pressure, temperature, humidity, wind
direction, and a wind speed field from 1.5 to 26.5 km. The candidate
launch site for the VIA-200 will be located in the southern part of our
country, and so the data of the local meteorological observatory are
selected. Figure 6 shows maximum, minimum, and average wind

30 T T T T
—>— max. in spring
—¥ - max. in summer
B —6— max in fall

25 Y TToRSTTATT T —e— max. in winter

f —&— min. in spring
—< min. in summer
—o— min. in fall
—=— min. in winter

n
o

altitude (km)
o

-
o
i
'
'
'
'
'
'
[
'
'
'
'
1
'
'
'
'
'
I

jet stream speed (m/s)

Fig. 6 Statistical data of maximum and minimum velocity of the jet
stream in season.

30

T T

O measurement ofWE

—— curve fitof WE
mesurement of WN

[ [ curve fit of WN

250 - -\ -

I

altitude (km)
— n
o o

o

jet stream speed (m/s)
Fig. 7 North and east component of the jet stream velocity in fall.

speeds in each season. As explained previously, the jet stream speed
during the winter is more severe than in the summer.

From a practical point of view, the winter is not a good season for
launching the SAP, because its maximum jet stream speed is around
40 m/s, even at the staion-keeping altitude of 20 km. Summer is
strongly suggested as a candidate season for launching. In this paper,
the fall season data are selected for the trajectory optimization
problem. The northern and eastern components of jet stream velocity
are calculated from the jet stream speed and direction, based on the
measurement data, using the following equations:

Wy = —wsiny,, Wy = —WCos Y, (15)

where w represents jet stream speed along the altitude. Fitting the
calculated jet stream components data in a seventh-order
polynomial, the following final approximations are derived as
functions of altitude, as shown in Fig. 7:

wg(h) = 3.770h7 — 12.5587h° — 9.1512/° + 50.24204*
+ 6.3696h° — 73.9562h% — 4.4017h + 42.6254

wy(h) = 4.5571h7 — 4.8683h° — 16.180h° + 12.81614"
+ 17.7469h° — 7.6892h* — 3.3630h + 4.5189

16)

Note that the unit of altitude is in meters, whereas the jet stream speed
is in meters per second. The scaling problem arises during the curve
fitting, and so the normalization process is applied to improve the
accuracy. A normalization approach is to center the data at zero mean
and scale it to unit standard deviation using & = (h — u,) /0, with
Mg = 12,135 m and o, = 9022 m, considering the altitude range
from 0 to 26 km in 4-km increments.

IV. Optimal Problem Formulation
A. Conversion to Parameter Optimization Problem
The trajectory optimization can be formulated as a dynamic
optimization problem, because it is based upon the differential
dynamic equations of the vehicle. Consider a system dynamics
described by the following nonlinear differential equations:

x(1) = flx(1),u(1), 1], x(ty) = x, is given, t € [ty. 1]

Y
where x € R", u € R™. In this study, x = [V y voxy;
hlTand u =[T o ¢]", respectively. The main objective of the

optimization problem is to find a control input # and a design
parameter p € R? that minimize a performance index:

J = ¢lx(t), u(ty), pl (18)

which is subjected to initial conditions at time ¢ =, terminal
conditions at time = f;, and path constraints during the time
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interval € [t. t;] [21]:

W (%9, 1y, p) =0,
W, (xs.up p) <0,

W, (xo, g, p) <0, Vp(xpupp)=0

Y(x(2),u(2), p] = 0
19)

where W, (), ¥;(-), and Y(-) represent the equality, inequality, and
path constraints, respectively.

One of the standard approaches for solving this dynamic
optimization problem is to convert it into a parameter optimization
problem and solve it using an existing nonlinear programming (NLP)
tool such as SQP [22]. This well-known approach is categorized as
the direct shooting method [6,7]. The direct method has an advantage
of not requiring the necessary optimality conditions and adjoint
variables [6,7].

The main conversion process is summarized as follows:

1) Divide the time interval into a prescribed number of
subintervals 7, (k =1,---, N, t; = 1, and ty = t;), with the times at
the ends of subintervals called nodes.

2) The unknown input parameters (control input vector) and
design parameters are discretized.

3) The nonlinear differential equations of the optimal control
problem are integrated.

4) The nonlinear programming code iterates on the unknown
parameters until the boundary conditions and constraints are
satisfied. During this process, the fourth-order Runge—Kutta method
is employed for numerical integration in this paper. The converted
NLP problem [21] is then presented as

© =uf,uj,ui, - uf,p'f (€R™) (20)
which attempts to minimize

J(©) =g(xy.uy.p)  (€R") 1)

subject to equality and inequality constraints

FOR M B

‘I’I (x(h Uy, P)
Y (xo. ug, p) (22)

C,(©) = <0 (e R™)

Yy(xy,uy, p)
‘Ill(xfsufvp)

B. Constraints Consideration

For a realistic trajectory optimization problem, details of the
constraints and boundary conditions should be defined and examined
in consideration of the performance of vehicles and environmental
conditions. To achieve the main goal of this study, which is obtaining
VIA-200’s optimal-ascent trajectories in minimum flight time and/or
minimum control energy to the staion-keeping altitude, the
concerning performance index is defined by using weighting
parameters £ and 7, such that

t 1]
J=§/r dt+n/r§||u(t)\|2dt or
1o 1

0
_ N N 1
J©) =Y Au+ 03[ Jhul o1
i1 =1

As one of the equality constraints, the initial conditions are
acquired by assuming a level flight at sea level. Consequently, the
trimmed states can be computed from Eq. (9), with the initial flight
speed 8.184 m/s, the flight path angle 0 deg, and the heading angle
270 deg.

For terminal conditions, the final staion-keeping horizontal
position must maintain minimum deviation from the launch site, and

(23)

altitude (km)

cmoho

== ===

35

\% m/s)

max (

Fig. 8 Maximum flight speed of the VIA-200.

the terminal altitude is 20 km. Also, both y and ¥ must be matched
with the initial conditions. It is desired that the VIA-200 should be
headed west in its start flying, because the jet stream is blowing from
the west. Note that ¢ =270 deg is directing west, because V¥ is
measured positive from the x;, axis (north direction) in the right-hand
direction about the z;, axis.

With reference to the path constraints, the admissible flight
altitude of the VIA-200 should range from 0 to 24 km of the pressure
altitude, based on the design criteria described in Sec. II. The flight
speed of the VIA-200 is limited, due to the maximum available
power of the propulsion system. Based on this analysis, shown in
Fig. 8, the maximum speed V., =30.8 m/s can be achieved in
descending flight, with the flight path angle of —10 deg at the
altitude of 24 km.

The climbing performance of the VIA-200 should be the most
important consideration when constructing the trajectory. In general,
an airship should keep the inner envelope pressure with respect to the
atmospheric pressure under climbing or descending path, and so a
pressurization control system using an electrical fan and valve is to be
equipped. Depending on the given design of the pressurization
system and power, the rate of climb h should be limited to its
maximum capacity. Referring to the flight test results of the VIA-50,
the maximum climb rate was estimated as 6.0 m/s. Thus, the upper
bound of the SAP is assigned as ||h|| < 8.0 m/s. Such an upper
bound is considered as a reasonable constraint from the perspective
of future technology level.

The control inputs consist of thrust, angle of attack, and bank
angle, and control input bounds must be implemented. In practice,
the control inputs are normalized for convergence of the solution
during the optimization process, and so thrust can be bounded in
terms of 7'r. Figure 9 presents the lift/drag ratio C; /Cp, of the VIA-

angle-of-attack, o (deg)

Fig. 9 Range of the angle of attack.
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Fig. 10 Admissible flight area according to the flight information
region in Korea.

200 versus o, showing that the maximum magnitude is attained at
a =10 deg and then it begins falling. Compared with conventional
fixed-wing aircraft, its magnitude is small and the slope of the curve
is not steep. Furthermore, a control surface effect must be taken into
account. Thus, the angle of attack should be bounded at ||| <
16 deg to prevent a stall region of the vertical and horizontal control
surfaces, even if there is no stall phenomenon in lift coefficients, as
illustrated in Fig. 4. As the last control input bound, a bank angle limit
of ||| <5 degis implemented.

Finally, the airspace limitations should be considered. Because the
VIA-200 has low flight speed compared with that of the jet stream,
there is a possibility of crossing neighboring countries’ territorial
airspace. The expected launch site is at 34°32’ N and 127°12" E, and
so the airspace is constrained to 185 km to the east, 278 km to the
west, 448 km to the north, and 224 km to the south from the launch
site. The admissible flight area is presented in Fig. 10. All of the
constraints explained are summarized as follows:

1) The initial conditions at t = f,, are

V(ty) = 8.184 m/s,
Xi(to) =0 km,

Y(ty) =270 deg
h(ty) =0 km
(24)

y(to) =0 deg,
yi(ty) = 0 km,

2) The terminal conditions at t = ¢, are

Cgy =y(t;) =0 deg, Cgp=V¥(t;) — 270 deg=0
Ces = x;(t;) =0 km, Cps=yi(ty) =0 km (25)
Cps="h(t;) —20km =0

3) The path constraints at time #, < t < t; are

C;,=0km—h(1) <0, Cra=h(t)—24km <0

Ci;=0m/s— V(1) <0,
C;s=—-8m/s—h(r) <0,
Cr7=0-Tr@) <0,
Cr9=—16 deg—a(t) <0,
Crip=—5 deg—¢(1) =<0,
Cr13=—224 km — x(t) <0,
C15=—278 km — y(¢) <0,

Cry=V(#)—3081 m/s<0
Cro=h()—8m/s <0
Crg=Tr(t)—1=0
Crip=0a(t)—16 deg <0
Crin=¢() =5 deg =0
Criy=x(t) —448km <0
Cris=y()—185km <0

(26)

V. Optimal Flight Trajectory of the VIA-200

The numerical solutions are discussed in this section. It is assumed
that the VIA-200 is deployed from the ground and it continues to
climb up to the mission altitude of 20 km for the staion-keeping
mission. Several path constraints defined in the previous section are
applied with the governing kinematic and force equations in Egs. (4)
and (9). Relevant modeling for SAP’s realistic trajectory
optimization was explained in the previous section. As for the
numerical solver, the CFSQP algorithm was modified to solve the
parameter optimization problem [6,7]. The control variables are
throttle, angle of attack, and roll angle, and they are all normalized to
facilitate the convergence of numerical solutions. The number of
nodes for discretizing the time interval is N = 1000, and so the total
number of unknown parameters defined in Eq. (20)ism, = 3N + 1,
because m,, consists of u € R? and one design parameter of p. As
explained in [7], the problem with free final time can be solved by
inserting the final time as an additional parameter p. Therefore, the
unknown parameters are defined as follows:

(C]

:[TrlﬁTr27"‘7TrNsaN+]7O[N+27"'70[2N’¢2N+I7¢2N+27--~7¢3N7P]T
27

The dimensions of relevant vectors introduced in the previous
section are n=3, m=3, p=1, m,=3001, mg =11, and
m; = 16N = 16, 000. The optimization process is terminated if all of
the terminal conditions in Eq. (25) are satisfied within numerical
error tolerances. The terminal error criteria are |e,||?, [le,||*, and
lle.> <1072 m for the geostationary position and [, ||* and
leylI* <1072 deg for angle, respectively.

A. Cases 1 and 2: Minimum-Time Trajectories

Case 1 presents the minimum-time flight trajectory obtained by
solving the problem with & = 1 and n = 0 in the performance index
of Eq. (23), and case 2 adds the jet stream effect to case 1. The
resultant trajectories are of great importance, because they
demonstrate the effects of the jet stream. As the outcome of the
optimization presented in Figs. 11-15, the terminal flight path angle
satisfies ¥, =0 deg and the heading angle ¥, =270 deg in
Eq. (25). It also implies that the solution meets the final position
requirement of x, = 0 km, y, = 0 km, and i, = 20 km within the
error tolerance.

V (m/s)

¥ (deg)
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Fig. 11 State histories for cases 1 and 2.
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Fig. 13 Position histories for cases 1 and 2.

For case 1, the altitude increases monotonically in proportion to
the flight speed. This result is consistent with that of [5]. It keeps
exerting full thrust with the maximum climbing flight speed until
about r = 2.78 h, and then it increases a little sharply to reduce the
flight path angle to meet the terminal constraint of 0 deg. The
resultant trajectory is in a helix shape (Fig. 15) and is inside 60 km for
the x; axis (north) and £40 km for the y; axis (east).

0.01
0.005

(m/s)

-0.005 .
-0.01
-0.015

-0.02

(m/s)

time (hours)

Fig. 14 Wind variation histories for case 2.

For case 2, the VIA-200 cannot overcome the strong wind speed
until it reaches the altitude of 22 km. It flew away to the east, because
the jet stream is so strong. As shown in Fig. 7, the east-wind speed of
the jet stream is peaked at the altitude of 12—13 km and then becomes
weaker above that altitude. Thus, the airship attempts to maintain its
heading to the west by relying on full thrust. After it approaches the
altitude of 15 km, it starts a turning flight to reach the final
destination. It keeps the level flight at the altitude of 22 km and then
descends to the desired final altitude. Figures 11 and 12 present the
state and control histories versus flight time, and Fig. 13 shows the
position histories of each axis. From the results, the VIA-200 drifts
approximately 177 km to the east and 52 km to the north, as presented
in Fig. 13. However, the position is inside the airspace boundary.
During the flight, the flight speed and path angle show fluctuation at
around ¢ = 3.2 h. This is due to the wind speed variation along the
altitude, as shown in Fig. 14. Flight speed is affected by the w,,,, term,
and the flight path angle is affected by w,,, and w,,, defined in the
force equation of Eq. (9). This phenomenon occurs markedly during
the turning flight condition. Three-dimensional minimum flight time
trajectories for case 2 in Fig. 15 show a comparison with case 1.
Based on the results, itis confirmed that the optimal solution meets all
of the equality and inequality constraints.

Table 3 summarizes the results of the trajectories generated. The
terminal time for case 1 is #; = 4.15 hand is t, = 6.42 h for case 2.
Clearly, the terminal time for case 2 is longer than for case 1. It is
worthwhile to note that additional control energy is required 61.5%
more, with a 54.7% increase in flight time, in contrast to case 1 under
the no-jet-stream condition.

B. Cases 3 and 4: Minimum-Energy Trajectory Under Jet Stream

In this example, the minimum-energy trajectories are examined
under the jet stream condition. It is infeasible to augment the control
energy term in the performance index, except the minimum flight
time, because the fixed final horizontal position and free terminal
flight time are now considered. Thus, trajectories are constructed by
solving the minimum control energy with the minimum flight time
with & = 1 and varying the energy-weighting parameter 1 in Eq. (23).
The trajectory may depend on the selection of the weighting
parameters. In this example, n is set to 1 or 100 with case 3 and case 4,

Table 3 Comparison of optimal trajectories results

Case no. Cost function Weighting Jetstream  Terminal time, 7, Cost of energy
1 Min time E=landn=0 —_— 4.15h 0.62

2 Min time E=landn=0 O 6.42h 1.0

3 Min time + min energy E=landn=1 O 8.67h 0.93

4 Min time + min energy & =1 and n = 100 O 10.27 h 0.84
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Fig. 15 Three-dimensional optimal trajectories for cases 1 and 2.

respectively. The final solutions are compared with the minimum-
time solution to case 2 (£ = 1 and n = 0). Figures 1618 present the
state, control, and position histories, respectively. Specifically, the
climb and descent rates are critical constraints, as explained earlier.
Figure 19 presents rate histories versus time, and they stay less than
the specified constraints on h. In addition, two-dimensional and
three-dimensional trajectories are displayed in Figs. 20 and 21.
Similar to the previous cases of minimum flight time trajectory, the
numerical solutions sufficiently satisfy all of the path constraints of
vy =0 degand ¢, =270 deg. The VIA-200 arrives at the terminal
positions of x; = 0 km, y, = 0 km,and /1, = 20 km almost exactly.
Control energy decreases correspondingly as the weighting
parameter increases from 1 to 100, and the terminal time 7, also
increases. The final outcome indicates that 7, is 8.67 h for case 3
(n =1) and 10.27 h for case 4 (n = 100). Apparently, the radius of
turning flight, after weakening of the jet stream, seems to become
wider than with case 2. The maximum range of x; and y; deviations
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Fig. 16 State histories for cases 3 and 4.

from the launch position are about 55 and 184 km, respectively, and
so the airspace boundary limit is not violated, as confirmed from
Fig. 18. Obviously, the reason the deviation in the x; position
increases over 20 km is because the northern speed component of the
jet stream tends to increase along the altitude, as shown in Fig. 7.
Thus, decreasing control energy enlarges the deviation of the x;
position and causes the flight time to increase. The heading angle
shows a similar tendency to keep maintaining the west direction until
the eastern component of the jet stream speed becomes weaker, but
the time of starting the turning flight is different from each other.
More maneuver time is expected as the weighting n becomes large.

From an energy-saving standpoint, the amount of control energy
involved for case 3 (n = 1) is reduced to 6.7% and reduced to 15.8%
for case 4 (n = 100), compared with the minimum-time trajectory of
case 2, as summarized in Table 3. On the other hand, the flight time
increases 35.0% in case 3 (n = 1) and 60.1% in case 4 (n = 100),
respectively. The amount of decreased energy is not much over the
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Control input histories for cases 3 and 4.
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flight time increase and, consequently, it may not be a large benefit in
ool F . 1 e N saving energy. Based on such results, it is concluded that the
A : : : : : : : minimum-time flight trajectory for the VIA-200 is recommended
1ok OO N OO OO MO N N | under the real flight environments such as the jet stream. Judging
from the aspect of trajectory deviation with respect to the airspace

oLz P P constraints, the trajectory of case 3 (n = 1) is preferred over case 4

o 1 2 3 4 5 6 (n = 100) because it covers the shortest distance. The optimal

time (hours) trajectories obtained in this paper will be used as baseline
Fig. 18 Position histories for cases 3 and 4. information and applied to a trajectory-tracking controller design in
the future.

10 [ R e VI. Conclusions
gl.- i This paper is concerned with the optimal trajectory generation for
: : : : : : : : : ‘ the SAP, especially the ascent flight trajectory synthesis to a staion-
R E ¢ B R S keeping position with and without jet stream. The SAP arrived at the
. I I N A e | given final position of x, =0 km, y, =0 km, and A, = 20 km,
; ; iV ; successfully satistying the prescribed geometric boundary

ol y; apoet A e constraints.

/”" = N i With no jet stream condition (case 1), the trajectory designed
Of= : 3 T turned out to be a helix shape and the altitude increased
b W EF M RS T i monotonically in proportion to the flight speed of the SAP. The

resultant trajectory was inside £40 km for the y; axis (eastern

) S ; ‘ : : ‘ : : : — direction) and 60 km for the x; axis (northern direction). When
encountering the jet stream (case 2), the airship was not able to
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o 1+ 2 3 4 5 6 7 8 9 10 1 stream speed becomes weaker, the SAP started the turning flight to
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Fig. 19 Climb and descent rate histories.

trajectory stayed inside the designated airspace boundaries. The
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terminal time with jet stream (case 2) increased 54.7%, in contrast to
a61.5% energy increase with the no-jet-stream case (case 1). As for
the minimum-energy trajectories, the amount of used control energy
was reduced to 6.7% for case 3 (weighting n = 1) and 15.8% for
case 4 (weighting n = 100) over the minimum-time trajectory of
case 2 (weighting n = 0). The amount of energy saved was not that
remarkable relative to the flight time and so it may not be a significant
benefit from the energy-saving standpoint. Therefore, it is concluded
that the minimum-time flight trajectory for the VIA-200 is
recommended under a real flight scenario under jet stream. This
means that the SAP has no available power, due to the low flight
performance, in contrast to its huge size and heavy weight.

Finally, the main contributions of this paper are attributed to
accommodating the realistic flight conditions and path constraints as
accurately as possible. Furthermore, corresponding three-dimen-
sional flight trajectories by an optimization technique are
constructed, which can be used for a feedback-tracking controller
design in actual implementation.
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